AD-"Ms5 409 -
i

5 0712 01015366 5 (AD 725~ w4
Reports Control Symbol

) :“ OSD-1366
) 2
@ 29 ;

RESEARCH AND DEVELOPMENT TECHNICAL REPORT
ECOM-5518

THE SPECTRUM OF LASER-INDUCED TURBULENCE

By
Chan Mou Tchen
Edward Collett

Atmospheric Sciences Laboratory
US Army Electronics Command
White Sands Missile Range, New Mexico 88002

February 1974

°
°
[ J
°
°
[ J
°
[ J
°
°
[ J
)
°
[ J
°
.
°
°
°
°
°
°
°
°
°
[ J
®
°
[ J
[ J
°
°
[ J
°
[ J
°
[ J
°
[ J
°
[ J
°
L J
°
°
°
°
°
°
°
[ J
° Approved for public release; distribution unlimited.
°

°

°

ECOM

UNITED STATES ARMY ELECTRONICS COMMAND - FORT MONMOUTH, NEW JERSEY 07703




NQIICES

Disclaimers

The findings in this report are not to be construed as an of-
ficial Department of the Army position, unless so designated
by other authorized documents.

The citation of trade names and names of manufacturers in
this report is not to be construed as official Government in-
dorsement or approval of commercial products or serviccs
referenced herein.

Disposition

Destroy this report when it is no longer needed. Do not
return it to the origmator.



UNCLASS | FIED

SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)

READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
T, REPORT NUMBER 7. GOVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER
EQOM-5518
AT T 5. TYPE OF REPORT & PERIOD COVERED

THE SPECTRUM OF LASER-INDUCED TURBULENCE

6. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(e) 8. CONTRACT OR GRANT NUMBER(e)

Chan Mou Tchen and Edward Col lett

9. PERFORMING ORGANIZATION NAME AND ADORESS 10. PROGRAM ELEMENT,. PROJECT, TASK
. AREA & WORK UNIT NUMBERS
Atmospheric Sciences Laboratory DA Task No.
White Sands Missile Range, New Mexico 88002 IT-61102B53A-19
11. CONTROLLING OFFICE NAME AND ADDRESS 12, REPORT DATE
US Army Electronics Command February 1974
Fort Monmouth, New Jersey 07703 13. NUMBER OF PAGES
25
14. MONITORING AGENCY NAME & ADDRESS(/f diiferent from Controlling Oflice) 15. SECURITY CLASS. (of thle report)
Unclassi fied

152, DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of thie Report)

Approved for public release; distribution unl!imited.

17. DISTRIBUTION STATEMENT (of the ebetract entered In Block 20, If ditferent Irom Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reveree eide If neceeeary and Identity by block number)

i. Turbulence

2. Wavenumber

3. Laser

4. Inertia Spectrum

20. ABSTRACT (Continue on reveree elde If neceseery and Identily by block number)

The structure of turbulence as induced by the propagation of a high energy
laser beam in a fluid is investigated. An analyticai theory is developed
predicting the spectral laws of temperature fiuctuations. The theory involves
a hierarchy of equations, which is closed by the method of cascade, as has
been developed and applied by Tchen to hydrodynamic and plasma turbulences.
The inertia and dissipation subranges are found to follow a modified
Kolmogorov law and a modified «~13/3 power law, respectively. The critical

DD ,jg:".,, 1473  EOITION OF 1 NOV 65 15 OBSOLETE UNCLASS | FIED

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)




UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)

205

wavenumber separating the two subranges has been determined to occur at
a lower wavenumber than that in the velocity spectrum. In addition, the
magnitude of the inertia spectrum is increased by the laser beam as a
result of the enhanced conduction. The parameters and the numerical
coefficients entering Into the spectrum are also determined analytically.

INCIASSIFIED .
SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)




FOREWORD

Professor Tchen is with the City College of the City University of
New York.




OONTENTS

INTRODUCTION .

FUNDAMENTAL EQUATIONS

EQUATIONS OF TURBULENT MOTIONS .
CASCADE DECOMPOSITION

EQUATION OF SPECTRAL BALANCE .

HEAT FLUX AND EDDY CONDUCTIVITY
EQUILIBRIUM RANGE OF THE SPECTRUM

THE SPECTRUM IN THE ABSENCE OF BUOYANCY
OONCLUS IONS

LITERATURE CITED .

. 21

o 25




INTRODUCT ION

The linear theory of the propagation of a laser beam in a random or
turbulent medium, which is valid for a low power laser, has been widely
investigated [1,2]. However, a high energy laser beam will modify the
medium by various effects, such as inducing turbulence in a quiescent
medium or changing the state of previously existing turbulence. Such a

modified medium will in turn change the mode of propagation. Experiments
have shown that a |aser beam can indeed induce turbulence, and some
criteria for the onset of turbulence have been developed [3,4,5]. In

the present work, we shall develop a theory of thermal turbulence as
induced by a laser beam. Here the laser acts as a source of heat which
is deposited into the fluid medium by conduction and convection, due to
absorption and beam inhomogeneity, respectively; in a self-consistent
way, the thermal fluctuations also modify the heat source. The nonlinear
equation describing the fluctuations of temperature gives rise to a
hierarchy which needs to be closed. The method of cascade decomposition,
which was developed by Tchen to close the hierarchy and which has been
successfully applied to hydrodynamic and plasma turbulence, will be
extended to laser induced turbulence [6,7].

In the present work we neglect the acoustic effects, as is permitted in
all problems of thermal oscillations under the Boussinesq approximation.
The buoyancy effect which is retained in the general formulation is
found to be negligible in the inertia and dissipation subranges of the
spectrum.

FUNDAMENTAL EQUATIONS
The fundamental equations which describe the fluide motion in the atmos-

phere in the presence of laser heating are the Navier-Stokes equation
of momentum,

a3y
e et

=-Vp+V(vag)+|§V(vag) -8 g(T-T,) ()
the equation of continuity,
gp
BT U R0 2y
and the equation of heat,

2
pc, = + uVl = -p Vyuy+k V T+ +al (3)



Here p is the density, u is the fluid velocity, T is the temperature,

cy is the specific heat at constant volume, ¢ is the Rayleigh dissipation
function, I is the intensity of the laser beam, and a is the absorption
coefficient. The buoyancy force is represented in Eq. (1) by

(p - po) g = - B(T-To) g (4)

where g is the acceleration of gravity, and B is the coefficient
of expansion.

I+ is seen that the effect of the laser resides in (a) the heat
disposition term al in Eq. (3) which modified the temperature
distribution, and (b) the buoyancy force in the momentum equation (1),
modifying the velocity distribution.

In problems of thermal convection and diffusion, it is customary to
introduce the Boussinesq approximation, which neglects the acoustic or
compressibility effect in all terms except the buoyancy term of Eq. (I).
This approximation reduces Eq. (2) to

Veu = 0 (5)

We shall also neglect the Rayleigh dissipation function in Eq. (3). The
system of Eqs. (1), (3), and (5) determine the modifications of the
atmospheric motions by the heat deposition from the laser. It is to be
remarked that in the absence of such a heat deposition, the above system
of equations degenerates to the one governing the classical problem of
thermal instability.

In the present study it is necessary to specify the heat deposition term
al of Eq. (3). We note that I is related to the index of refraction n

on the basis of photon conservation, and subsequently is related to the
temperature by an equation of state. In principle, these relations can
be derived from time-dependent microscopic models. However, their
governing time scale is much smaller than the time scale of the turbulent
motion, and consequently a quasi-stationary approximation, known as the
adiabatic approximation, can be used.

This amounts to assuming that the heat deposition is spontaneous and
localized. This requires that the approach to equilibrium of the heating
process is faster than that of the turbulent process. This condition is
usually fulfilled. Under such a circumstance we wish to find a relation
analogous to that between the energy flux and the gradient from the
thermodynamics of irreversible processes. A satisfactory derivation of
such a relation requires the analysis of the equation of wave propagation
in a medium of variable index of refraction and the study of the absorp-
tion or heat deposition during the propagation. A diffusion theory of
absorption of the laser beam intensity on the basis of a stochastic



theory will be developed in a later report. In this paper we shall
present a heuristic argument. To that end, we know that a variation of
temperature gradient 6(VT), which corresponds to a variation in
refractive index gradient 8§("W), will cause a thermal distortion of the
beam intensity, expressed in the form

61 2 vén
=T =& B (6a)

This is analogous to the relation between flux and gradient in the
thermodynamics of irreversible processes, as mentioned earlier. Here %
is a scale length characteristic of the propagation pathlength in the
turbulent medium (it should not be confused with the inner and outer
scales of turbulence), and D is a differential operator

D= V+ wnl (6b)

Formula (6a) is a variant of the equation developed by Gebhardt and Smith
[8]. We may consider that Eq. (6a) serves as a relation of state which,
when combined with the constituitive equation

- (a0
&n (aT’p §T N
will give the equivalent value of the temperature increase &T correspond-

ing to the energy deposition 81, as follows:

I = ADVST (8a)
with
2
= -2 (3n
A = 15T I (8b)

We shall assume that a turbulent fluctuation follows such a variation,
and shall rewrite Eg. (8a) as

I[I' =AD+vo (9)

Here I' and 8 are turbulent fluctuations of radiation intensity and
temperature, respectively, while Io and Te are the corresponding mean
quantities; further,




oo = 2
D=9+ 9vanlI,, A=- [&E' Liﬂ) ] I, (10)
o] o

I+ is to be noted that A and A > 0, because (3n/3T)_ and (3n/3T)_ are
; . P Po
negative for most fluids.

The relationship between I' and 8, as expressed by Eq. (9), is analogous
to the formula for the beam intensity developed by Gebhardt and Smith

for the geometric optics regime [8]. This formula has been applied by
Collett, et. al., to the determination of intensity correlations of a
laser beam in a turbulent medium [9]. The results obtained by this method
are identical to the more rigorous method of wave propagation used by Ho,
when the effects of diffraction are omitted [10]. That approximation is
valid, because the optical length scale is very small compared to the
scale of the turbulence.

The system of Eqs. (3) and (9) forms the fundamental differential
equations governing the interaction of a laser beam with the atmospheric
medium, as described by the variables u, p, T, and I'.

EQUATIONS OF TURBULENT MOTIONS

We decompose the four variables p, T, u, and I Into a mean part and a
fluctuation:

u=U+uy
p=p°+p|
T=To + 8
I=1,+1I an

In the absence of a mean wind, u represents a velocity fluctuation.

By substituting Eq. (Il) into Eqs. (1), (3), and (5), we find the follow-
ing four equations determining the four variables u', p', 6, and 1vs

1

g
3% il B TE S e p'+v Wu=-B8ge+uVvu (12)
Vu=20 (13)
3F Y W= -y Vo +u W + (k/pc,) V48 + (a/pcv) I (14)



I' =A (V28 - T'®) (15)
with
r=-9enl, (16a)

where T~ represents the scale of the laser beam.

As a result of the turbulent heating of the atmospheric medium by a beam,
we expect a distribution of the intensity of temperature fluctuation,
with

A=-1V 2n 62 (16b)

where A"l is a scale in the profile of 82 analogous to Eq. (l6a).

It is well known that the buoyancy controls the large scale motions of
the velocity spectrum. This effect is negligible for the inertia and
dissipation subranges under the present investigation, enabling us to
decouple Egs. (12) and (I13) from Eq. (14) and (I5). Hence, we need only
to be concerned with the thermal turbulence, and regard the velocity
spectrum as a known quantity. In such a circumstance, and with a
substitution of Eq. (15) into Eq. (14), we find the thermal furbulence
governed by the following equation of heat transfer:

30 .
3Tt u-v6 = - u.VT, + V.UB + (A + u) V20 - ulr.ve (7

The left hand side of Eq. (17) represents the time rate of change and

the convection of the temperature fluctuation. The right hand side
contains a generation of temperature fluctuation from the velocity
fluctuations in the presence of a mean temperature gradient, a conduction
from the thermal flux by eddy motions, a molecular conduction with a
molecular conductivity

A= k/pCV (18)
a conductivity

u = dK/pcv (19)




from the absorption of radiation, and finally a convection associated
with the beam inhomogeneity.
CASCADE DECOMPOSITION

For the determination of the turbulent spectrum, it is necessary to make
a Fourier analysis of Eq. (19). Instead of studying the behavior of

each Fourier component, we separate the fluctuations 8 and u into two

groups and write

8(t,x) = 800 (+,0 + 8V (4, (20)
and
utt,x) = w O 0 + ol 0 21)
where we define
k
7 e fyt
0(0) (+,x) = ‘jd@' 0(t,k") ¢ i & (22)
[
and
{ )
6 (t,) = dk' o(t,k) o B X (23)
J
k
Similarly,
& A
w00 = ok’ utr e g & (24)
(]
and
X
X (25)

D% = [dk' utt,kY) e (B
u P= ey
k

where 6(0), e('), g(O) and u
by Eqs. (22) to (25).

(1) Jre truncated within +he |Imits Tndicated



In order to separate 6(0) and g(h) from 6 in Eq. (20), and 9(0) and u(l)

from u in Eq. (21), we make use of an ensemble average )

<. : .> (26)

which gives

8(0), (0N = g(0) CRRE (27)

<e>(|)

|
)

and

Quyt 1) = 0, yfONE 2 (0 (D) < g (28)

=

The decomposition expressed by Egs. (20) and (21) implies that the
fluctuations 6 and y contain a zeroth rank and first rank, which represent
macroscopic and random fluctuations, respectively, with the macroscopic
quantity being of larger scale than the random quantity. The ensemble
average, Eq. (26), of first rank is an average over many realizations with
identical macroscopic conditions, as represented by 6(0) and u(O), but
with random 8(1) and u(l), In this manner, the average over the random
quantities vanishes and the same average over macroscopic quantities
remains unaffected by Eqs. (27) and (28).

The ensemble average of zeroth rank

<50 > (29)

is equivalent to the global average denoted by a bar in a homogeneous
furbulence.

By means of the cascade ensemble average, Eq. (26), we can screen out the
ranks 8(0) and 6(1) from 8 in Eq. (20), and hence transform the equation
of evolution of 8, Eq. (19), info corresponding equations of evolutions
of 6(0) and 6(1). The details for this type of calculation can be found
in the work of Tchen and will be omitted here [6]. The result of this
calculation leads to

39 (0)

57+ ul0vef0) - (D). 96(0)

oy LJ(O)'VTO + O+ u)vZe(O) _ UI'VG(O) _<y(|).ve(|)>(|) (30)




and

() ()
de*"" _ 36 (0) oal0)
7 =5 +u%we 31

= _y(l )'V(T°+9(O))+()\+]J)V29(I)-]JI:-VG(I)'*'Q;I(I)‘VO(I)>(I)

noting that the addition of Eqs. (30) and (31) recovers Eq. (19). The
last term on the right hand side of Eq. (31) will be omitted in the
following, since it does not contribute to the formulation of
correlations.

EQUATION OF SPECTRAL BALANCE

We multiply Eq. (30) by 60 and ftake an ensemble average of zeroth rank,
as defined by Eq. (29). We then find

| B (0)2500) o Y . (0), o, €04 (0)
e DO e OV Vs

= —uf0).gON(0) g1 L GG(0g, (1) gLINS(1)3(0)

(02 (@y(0) _ |

(0)2_(0)
= E 9

+ (A+u) (o R( S (32)

or, rewritten as

| 9
7 3 (o230 % v-(u(0)(0)2 3(0)}

= = (0O (0) g7 (g(0)y. ¢y 1)g 1)y (1) (0)
) (we(00)2y(0) {;—(A+u)v2<e(°)2>(°)}
¥ é_ w T (0) (0124(0) -

where

A(0) = g gn (pf0)23(0) (34)



In order to simplify Eq. (33), we assume that the turbulent motions are
locally homogeneous. This implies that the spectral distributions are
similarly dependent on position through the intermediary of the para-
meters, which are given by the mean quantities, e.g., profiles of beam,
mean temperature and intensity of thermal turbulence, and the rate of
dissipation of the thermal turbulence. Under that hypothesis, we can
neglect the terms between {...} in Eq. (33), The term proportional to
[-A(0) is a coupling between the laser beam and thermal turbulence, and
is therefore proportional to the product of the gradients in the beam
profile and the turbulent intensity profile. |In this connection, we
approximate A(0) = A, where A is defined by Eq. (16b), since the rank of
Eq. (22) up to a wavenumber R lying in the inertia subrange embodies the
ma jor portion of the thermal energy.

With the above approximations, we reduce Eq. (34) to the following form:

%_5_?_ <e(o>2>(0) _ <9(0)6(0>>(00)VT0 _<V_<u(|)e(|)>(|)e(0)>(0)
Oy Kemn PRy 2y 00 & g 200 (35a)
with
Yy = uleA (35b)

We conclude that the rate of change of ¥h?rma£ ?nergy (6(0)2)(0) is
governed b¥|?>Qroduc+ion function —(u(o (0 VTo, a transfer function

- ¢ulleg 11g(0)%(0) | & dissipation function -(A+u)<(ve(0))2)(0)

combining the effects of molecular conduction and the absorption of

radiation, and finally a source function y<8¢(0)2>(0) from the laser beam.
HEAT FLUX AND EDDY CONDUCTIVITY

In Eq. (35) there occurs a term,
(g(|)6(|)>(|) (36)

called eddy "thermal flux" of first rank, and a similar term of zeroth
rank,

(g(0)6(0)>(0) - <u6> = <y(|)e(l)>(l) 377




The statistical study of molecular transport processes can be based upon

a Langevin equation, which describes the time evolution of a fluctuation
in the Lagrangian representation. We shall generalize the aboye Langevin
equation to apply to a turbulent transport. |In order to do this, we note
that Eq. (31) may serve this purpose by considering the variable t in the
Lagrangian time derivative as a single variable, since this is the
requirement for the calculation of the transport properties. Effectively,
we regard the Fourier form of Eq. (31) as a turbulent Langevin equation

with kR as a parameter. |t will be written as follows:
("
40 _Shl) = gDty werase®) - 120 N0t (38)

{13

where T4 and 6(0) have weaker inhomogeneities than 6 and g(l), and

A*R2 represents
AR2 = ARZ + p(k2 + T-A) (39)

A formal solution of Eq. (38) is

1.
0l (+,k) = - V(To+0(0%) . [dt' exp[-A*k2(+-1")] g(')(+',@)
3
[
+ 00) (+=0,k) exp(-2*R27t) (40)

Here we have put V(T, + 0¢0)) outside of the integral, because it varies
slowly with time. It follows from Eq. (40) that

(To + 5(0)
<u;|)(+,@) oVt )1 = - nlD ) 22 )

TR axs (41)

where
1-
n;{)(k) . —ja+' expL-3*k2 (+-11] (us (1,) ujl)(f,—@)>(l) (42)
i
[}
noting that
(e o,k) o (t,-R2) (1) = 0 (43)

14



for t larger than the correlation time. By the same token we can replace
the upper limit + by = in Eq. (42) to give

-]

r €13
) = [ort o D2 et-t07 Gl ) uJ‘.”u, > 44
o
For an isotropic eddy conductivity we have
(5 n
nSJ. = n ‘SSJ' (45)
and
n'l) (k2 =% Jdtt explae? (4-11)] &Mk o V- e

(]

This reduces the thermal flux, Eg. (36}, to

) 3 (0)
<u. (t,-k) e(l)(T,Lz))(l) = - (R (T ; i ) (47)
J = N %9
in k space, or to
N
Zar. bt 8 L@ o O Gl 6000 (48)
J aXJ

()

where n is the eddy conductivity in x space.

The turbulent transport relations, Eqs. (41) and (48), take the form
analogous to the phenomenological relations of Onsager in the thermo-
dynamics of irreversible phenomena, stating that any flux is caused by
the contribution of a force or gradient with a proportionality constant
called the transport coefficient. Here we have derived such relations by
means of a generalized Langevin equation, Eq. (38), applicable to
turbulent motions; hence, we have determined the relevant forces and
transport coefficient, as given by Eqs. (41), (44), (46), and (48). A
precise determination of the structure of n ! in terms of the spectral
function F(k), such that

k

5 (uf0IZy(0) = dek' Fk") (49)
(<]

)




is given by Tchen [6]. We shall not enter into its detailed derivation,
but simply write the following result:

4 F(R')
n' = ¢ dk! ———— (50)
2 J wC) (k1)
k

Here the relaxation frequency is

I

wlI Rty = 12 (% + (1)

ne

h12 T](I) (51

since the molecular conductivity A*¥ can be assumed to be smaller than the
"eddy conductivity. The integral equation, Eq. (50), with the relaxation
frequency given by Eq. (51), leads to the following solution:

o

- 1
L = [2 c, idk' F(k") k2] ° (52)

L
k
where c- is a numerical coefficient evaluated for three-dimensional

turbulence to be [6]

=74 .

EQUILIBRIUM RANGE OF THE SPECTRUM

Along with the spectral fluctuation distribution F(R) for the velocity,
Eq. (49), we introduce a spectral distribution G(k) for the temperature
which is defined to be

k
!
e, 10 th'c(h') (54)

]

The use of Eq. (48) permits the fransfer function in Eq. (35) to be
rewritten as



(v-¢u MgtV GLOISI0) _ (1) (p(0g2(T, + §(0))3(O)

- n(D) (pl0)g24(0) (0)

A0 (76007 y236(0) %

n( | )V2<e(0)2>(0)

with the application of local homogeneity of turbulence.

| f we inftfroduce the notations

k

Jo = ((ve(00)2\(0) = 2 4R £'2 G(R") (56)

o
and

we can rewrite the equation of spectral balance, Eq..(35a), in the form:

k
3ok 6k = - (a2 - Gwnge - e (58)
’° k
+y “dh' G(kR")
5
or
k
%; db BEEY] = (oot LUST = iy # ) g (59)
° k
+ v dkR' G(kR")
5
where




(VTo)2 (60a)

|
I

and

Ao = A t (60b)

are called thermal vorticity and total conductivity, respectively. The
total conductivity includes a molecular conductivity X and a conductivity
u enhanced by the beam. Use has been made of Eqs. (56) and (57).

For k = », we reduce Eq. (59) to

k k
9 s
S J{dk' Gl = 10 = Rl * ¥ J{dh' Glk") (61))
[e] [
as
01 (h=e) = 0, J = J°%(h=w) (62)

The equilibrium range of the spectrum is defined as that range covering
sufficiently large wave numbers such that, in the integral term on the
left hand side of Eq. (59), the upper limit k may be replaced by «.
Under that circumstance, and by subtracting Eq. (59) from Eq. (61), we
obtain the equation of spectal balance in the equilibrium range,

[s¢]

n(I) (n

J+ otn ' 1)J° + v rdh' G(R') = XoJ (63)

J

kR
THE SPECTRUM IN THE ABSENCE OF BUOYANC Y

The universal range of the spectrum is usually divided into the following
subranges in the increasing orders of wavenumbers: buoyancy, inertia,
and dissipation. As mentioned earlier, the buoyancy subrange reigns over
the largest scale of the spectrum, and will not be included in the
present study. Consequently, the velocity spectrum in the inertial sub-
range is given as the Kolmogorov law,

18



F=A e2/3 p=5/3 (64a)

Here € is the rate of energy dissipation and the numerical coefficient

A is [6]
A= 1.58 (64b)

The spectrum, Eq. (64a), is the most commonly adopted law for the
description of the interaction of a propagating laser beam in a turbulent
atmosphere. Following that law, we find the eddy conductivity from Eq.
(52) to be

n(l) = cg el/3 p=4/3 (65a)
with [6]
3 i
c3 = (Z.ACZ)Z 1,26 (65b)

For the derivation of the spectral function G(k) for the temperature
fluctuations, we consider Eq. (63), which we rewrite in the form

0

et 0™ A T < J58 w5 -th' G(R') = Ae(T + 1) (66)
k
or, upon dividing by A, + n(l),
T A A e
J+J% + y(Ao + 1 ) tdk' G(R')Y = Ao(Xo+n Y (J o+ J) (67)
*k
We shall introduce the following notations:
H(R) = [ dkR' G(R") (68a)
k
® d (1
Shemitie (68b)



0 = Ao(J + J) 9__ Lnlio + n(l)) (68c)

200 + ntINR2(1-0) dk

$ii= Y
2k2 (xe + ntl)) S

and transform the integral equation, Eq. (67), info the following
differential equation

%E #PH = (69)

with the solution

[+

G(k) = %E fdk' Q") exp[- fdk" P(k™)]
-L _L'
oo k
= - Q(k) - P(R) fdk' Q(k") expl- fdk" P(R™] (70a)
& "

or, in an approximate form,

G(k) = - Q(R) - P(R) ~dk' Q(R") (70b)
k
valid for a weak beam factor y, or &.
Equation (70b), which is valid for all subranges, appears in a form too
complex for interpretation. Therefore we shall consider them separately.
We find:
(a) In the inertia subrange

Glh) = 22— e, " 1/3(1-4;) £-5/3 (71)
3cq

20



with

0 = (2c5)7 (y37e)1/3 pm2/3 (72)

(b) In the dissipation subrange

2c
G(R) = _32 &3 g g2 (ley ok = 19 (73)
With
= =2
6, = (/pho)k (74)

In the above, e and €, are rates of dissipations

e = v (V)2 (75)

= Ao (VB)2 A (76)

]

“a

for the fluid and temperature fluctuations, respectively.

The transition from the inertia to the dissipation subranges occurs at a
critical wavenumber

kx = c33/“(e/kg)1/“ (77)

We conclude that the effect of the beam factor is to decrease the power
of -5/3 in the inertia subrange and steepen the power of =13/3 in the
dissipation subrange. The laser heating increases Xo and J.

CONCLUS IONS

In the present work we have shown that a laser can induce temperature
fluctuations which, because of their nonlinear nature, can lead to
turbulence. Because the hydrodynamic system is nonlinear, it generates

a "hierarchy," i.e., an infinite sequence of equations of ever increasing
order of correlations. This is closed by the method of cascade.

21




The universal subrange, which is divided into an inertia subrange and

a dissipation subrange, is not controlled by the buoyancy effect, so
that the spectrum of velocity fluctuations follows the Kolmogorov |aw.
The spectrum of ftemperature fluctuations is derived for the inertia and
dissipation subranges, and includes the effects of enhanced diffusion
and inhomogeneity of the laser beam. The resulting equation of spectral
balance is in the form of a nonlinear integro-differential equation and
determines the spectral distribution of the temperature fluctuations;

it is solved for a turbulent state in statistical equilibrium. It
contains a production function due to the beam inhomogeneity, a transfer
function which describes the transfer of energy across the spectrum
from large eddies into small eddies, and finally a dissipation function
which determines the dissipation of small eddies by molecular motions.

If the temperature variable is considered as a passive scaler driven by

a fluid turbulence obeying a Kolmogorov, it is known, by dimensional
theories, that the temperature fluctuation will also follow the
Kolmogorov law in the inertia subrange, and a k=13/3 |aw in the dissipa-
tion subrange. By means of a cascade theory, we have derived analyti-
cally the temperature spectra which confirm the results of the dimensional
theories. The heating by a laser beam introduces the following two
effects:

(1) In view of the increased conductivity by the absorption, the
rate of thermal dissipation €) increases, and, consequently, the
temperature spectrum has a higher value in the inertia subrange, and a
lower value in the dissipation subrange. For the same reason, the
critical wavenumber separating the two subranges occurs at a lower value.

(2) The laser beam has an inhomogeneous profile, denoted by the
beam factor y (see Eq. (35b)). Since the inhomogeneity is usually weak,
the powers -5/3 and -13/3 are modified slightly, with a negative and a
positive correction term in the inertia and dissipation laws,
respectively (see Egs. (71) and (73)),

7
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